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The amount and variety of digital information rdgdivailable to the public has become
one of the defining features of the intellectual aoientific landscape. Digital
information is bringing to the forefront new quesis for computing and information
science, e.g., how should this information be o) searched, and evaluated.
Universities, publishers, government, and othezeesed professionals bring unique and
essential value to this enterprise that goes bettogid support of research — namely,
intellectual authority. The imprimatur given to tiléormation resources they own or
sponsor is essential in helping individuals asfeswyalidity of what they encounter on
the Web.

Recognizing quality online is important to creatansl consumers of both open-access
and peer-reviewed publications, digital librarieewsgroups, and e-learning repositories.
For example, one of the important ways in whichNI&DL (National Science Digital
Library) seeks to distinguish itself among digital librarie by the authority of its
collections. Also, the most respected journal {ghielrs adhere to high standards and
efforts to uphold the quality of their publications

Over the past five years we have witnessed thdiaddif online tools that
approximately rank importance or authority of comgats in the respective collections.
For example, th€iteSeer digital library of scientific articl@dlows users to sort their
search rankings based on expected citations,amigthubs, usage data, and other
statistics about both the author and the docun@tebase Searal a service for the e-
print repositoryarXiv.org, which also approximates measures of influencledieg hub
and authority scores. Work by Brush, Wang, Tur&$mith (2005) describes the use
of a tool connected to the Usenet newsgroup repgdihat can reveal implicit reputation
of authors based on various statistics about Hetivity on Usenet. Andglsevierreports
on the most downloaded articles. These tools foelpform a novice which resources
might be important to pursue, what the “hot topiasa given time may be, and
essentially who the authorities are.

These tools are invaluable, yet they reveal onlyngslicit level of quality, and there is

no guarantee of correctness within the articlemedves. It would be inspiring if in
certain collections, all of the facts were correditpf the citations proper, all of the
guotes exact, the definitions right, and the argusnhogically correct. It would be
inspiring if these collections’ services helpedd®a better understand evidence and the
methods of science, e-science, and related modesngbuter-mediated discovery.

In the domain of mathematics, very high standandsdrrectness and authority are being
attained through computer mediation. Indeed, fonesareas of mathematics, there are
digital collections that have already achievedtighest standards of correctness known,
computer checked formal proofs. Moreover, in theaasf formalized mathematics we



see some of the most striking examples of creatévg knowledge in partnership with
computers. With these accomplishments a new contynfatused on Mathematical
Knowledge Management (MKM) has recently emergedrodgted to furthering
capabilities for representing and accessing conyagsisted mathematics on the web.

We are interested in harnessing the levels of tyuaiid utmost correctness that computer
checked mathematics have achieved to assist useraking informed quality judgments
about electronically published articles. We havingel concepts and methodology for
allowing authors of expository mathematical textexploit this large and growing body
of formal digital mathematics. In this article, weplain a new methodology for

authoring mathematics articles that ensures higttitguy virtue of their creation, rather
than post-filtering. We begin by introducing theshoentral new concepts that we have
developed.

Formal Reference

We say that a particular piece of text within awtaent, such as a mathematical formula,
formally referenceshose objects and data from which that piece eticument was
mechanically derived. Hence, there are computefiegfacts relating documents to the
contents of objects they formally reference. Intcast, manual transcription of objects
into a document, as is traditionally done with@eticitations, would not produce a

formal reference.

Perhaps the simplest example of formal referenaddMoe quoting a referenced text. A
formal quotation mechanism would allow the autlwostipulate what part of the
referenced text to quote, and the computer wouby tloe quotation, thus preventing
error. Not only might this save the author somelite, which in the case of
“typesetting” mathematical formulas can be quithdas and error prone, but the reader
who knows that the quotation was computer-builtsdoat have to establish its accuracy
anew by comparing the quote and the source.

Figure 1 is an excerpt from a document about thel&mental Theorem of Arithmetic,
produced using our authoring tool, exemplifyingnat reference. Each formula
throughout the sample text was derived automayi¢edm a repository object, and so
formally references that object. None of these fda® anywhere in the sample text was
typeset explicitly by the author. Instead, the ctmtdormulas was generated
automatically instead based on references to ctdma repository of computer checked
mathematics. The figure is an image of pdf textawhncludes links to sources for the
formulas.



Figure 1: Sample of Semantically Anchored Text

How does formal reference contribute to qualitp@focument? Unless an authoritative
text is entirely self-contained, it expresses raagpbased in part upon some other
already established sources. Our special intesesta world of authoritative texts that
are not self-contained and, indeed, in which mldtguthoritative documents refer to
common source materials (and to each other). Reagenpressed in a document based
on sources it references normally involves adoptmgient from those sources, perhaps
even transcribing or quoting. Consequently, thaemarof the referenced source matters



in the referencing document. Formal referencedsraputer verified bond between the
contents of document and source.

So, assessing the quality of a document requiessamg the quality of the sources it
references, assessing the quality of the reasamitige document itself, and assessing the
accuracy of transcription from the referenced sesiinto the document. For the purposes
of this article, we take the authority of the corgrichecked formal mathematical source
for granted and focus on practical exploitatiomadputer verification and generation of
content transcription.

The remaining quality assessment problem, forekedf the document itself, is largely
beyond our technical scope, and we acknowledgarthertance of editorial assessment;
but even this human process would receive some aneéxdl assistance for ascertaining
the accuracy and coherency of all the transcriptiéior example, one could easily tell
whether two different theorem statements repredenta document, or in multiple
documents, apparently about greatest-common-divssgr, were accurately reproduced
and actually used the same definition for greatestmon-divisor (of which there are
various related conceptions in current use).

Also beyond our present scope is how to formalfgrence, i.e. verify transcription
from, other kinds of source material, such as pnnaata that served as a basis for
scientific papers. But that is a natural path femeyalizing this methodology for
establishing authoritative texts.

Semantically Anchored Texts

If part of a document that formally references sala& also provides a computationally
usable path to that data, we say gesnantically anchoreddnchoring provides various
benefits beyond unanchored formal reference. Ehstanchors may lead to a world of
data which is highly elaborated independently efdbcuments that reference it. Second,
those formally referenced structures can be andlipggecomputer and provide the basis
for a computer checkable criterion for common rexiee (e.g., two documents sharing
the same formal definition of greatest-common-aig)isThird, new documents can be
created that intentionally refer to the same objacid concepts used in already existing
documents by following the anchors to the form&tnments (Allen & Constable, 2005).
Fourth, the computer verified facts relating docatseo the contents of objects they
formally reference can be scrutinized and indepethgeeverified.

Mathematical and program text is unique becausefiignt parts of it have a well
understood formal semantics, expressible in lodloadries that are implemented by
computer systems. When elements of expository sext) as definitions and theorems,
are formally linked to their implemented countetpawe call the texts semantically
anchored. We have built tools that allow nonspest&to easily semantically anchor
texts and lessons.

Those places in a document that formally refererber objects or texts are semantically
anchored to those referents when there is a cotnpnadly effective path from those



places in the document to the sources from whielj ttere derived. Four of the formulas
automatically formatted in Figure 1, are semariiycahchored with links variously
labeled “Def”, “Thm” or “FTA”. If we had submittethe actual document instead of an
image snapshot of it for the purposes of our priegeblication, and you were reading
this article online, you could follow the links Yeb presentations of the formal
mathematics these anchored formulas were deriwad, fivhere you would find more
detail and various derived information. In thiample, the four linksDef, Thm, Def
andFTA would lead you to the appropriate math.

Making precise this notion of semantic anchoring wéat led us to the more basic
concept of formal reference above.

Replete Documents

We have adopted a conception akplete documerthat comprises much more than the
ordinary text, or even hypertext sources, someeads. A document in this extended
sense is a structured entity that is computatigrlnd to the material it formally
references. It includes authored “sources” fordbeument with embedded “commands”
for generating formal references and anchors, Isotiacludes auxiliary tables built
implicitly by the authoring tools during the authng process that are used to complete
automatic generation of referencing text, and tmawplish Web-publication (principally
for calculating the right Web addresses to link Miltiple editions of readable
(hyper)texts are automatically generated from tlsasee sources, sometimes making
obsolete earlier editions and sometimes coexistinglternative presentations. Replete
documents also include various data derived frogrsthurces.

Under our conception of a replete document, thestayerson normally reads (via pdf in
our prototype) constitute just one aspect of theudtent as a whole. Let us call this the
surface of the document. Surface pages are defroptddata relating the author’s text
intimately to other contents in the repository whicformally references. Any replete
documents which are themselves included in thesiggg will inherit the repository’s
generic services, including inclusion in Web-puidid editions, and get the benefits of
the repository’s policies for preserving conterd amtegrity.

The replete document comprises a structured camllfecof source texts together with
various tables used to computationally determing twidentify and present the contents
of formally referenced texts, which in our protadymeans producing Latex code,
typically for mathematical expressions containeceilerenced texts.

Creating Semantically Anchored Documents

The production of anchored documents depends om#éagum intended for them, the
editing tools and source-text formats the authefgys to work with, and the kind of
access the author has to the underlying reposstofiétormal mathematics. The important
processes are (1) the repository of mathematigsts(2Veb-publication service,
especially the generation of formally referencingtexts, and (3) tool-assisted editing by
authors while interacting with the repository, iNeb, and a conventional text editor.



Repositories of Formal Content

Mathematical content formalized for computer prgesssuch as verification, represents
content, or internal abstract structure, compledglg unambiguously. These repositories
represent vast, richly meaningful complexity acitdedo mechanical elaboration. One
can find dependencies between meaningful formas texch as proofs, definitions and
programs.

How one makes this content conveniently readaliladmans is a distinct, though
important, matter. This distinction is nicely m&demathmlwhich distinguishes content
markup from presentation markup of formulas. jpassible to present the same content
in different ways, with different notations. Notati might change to reflect
improvements developed over time, or the same nbm&ht be presented to distinct
readerships having different notational needsatitions.

While it might be possible to carefully maintairceumathematical content repositories
as subcollections of Web pages, that is not a redde requirement at this time. How to
organize formal mathematical repositories and hovepresent inter-object reference is a
repository design issue rather than a documenigaiizn issue; in particular, the
repository we used exploits an “abstract” name sps@ we cannot assume a global
name space for objects (Allen, 2004). Our methagiple to use the Web as an access
method and publication medium for repository coht@ur prototype configuration uses
the Cornell Formal Digital Library (FDL) (Allen e&l., 2002) as a repository. We used
this repository because it has plenty of contestpelieve it's a good example of a
repository design for formal mathematics, and weelhexperience using it. We expect
the increasing widespread use and availabilitytbéiosuch repositories for formally
developed contenHELM, C-CoRN andMizar are others, for example.

Web Publication Services

Our main purpose for this effort has been to firad/svto make it practical for authors to
create documents integrated formally with texty tteference and to make their
creations widely accessible to readers. We havwarees the Web will be the principal
medium for readers to access authored documenttharidrmal materials they refer to.
While we certainly want readers to directly acdbgsrepository containing a document
should they desire it, we will not require suchesscto make the document readable.
Note that part of projecting repository objectsootite Web is to provide a path back to
those objects in the repository.

Our prototype methods include a Web-publicatiservice that creates Web pages
representing repository objects, including authateduments of the repository. Our
prototype uses Latex and pdf as the basic dataaftgrbecause Latex is the current
standard for documents with special mathematictdtioms and from Latex one can

! We use the term “publication” here with some reagion; we use it to mean making
texts available to the public, without necessaallyding to the other obligations that may
be associated with “publication.”



produce pdf pages that link to other Web pages.alitieored documents can also be put
in standard data formats suitable for publicatiopaper journals.

Other kinds of texts in the FDL repository suchrethematical definitions and theorems
or programs, which expository documents can retsreare independently projected
onto the Web using methods considered appropatiném by the publication service
providers.

A further element of the Web-publication servicedgpository documents is the
publication of auxiliary data derived from the awutbd document such as a digest of what
materials it formally references. A structured esamtation of the mathematical
expressions used in the document would facilitatech for the document based upon
structure and content of the mathematical exprassas opposed to their appearance as
character configurations.

When a new document is projected onto the Webnwme decide which Web addresses
to link to. The Web Publication Basis is a “conasigt collection of Web projection
identifiers described above. We assume that ihitthe author will want to link to the
same pages he or she is reading during documgudinateon. When the document is
eventually regenerated as part of a new editiorevadocument will be created by the
publication service that has a newer Web-publicabiasis.

Editing Example

In our methodology, authors do not cut and pastié & documents. Instead, they
indicate sources for math text to be inserted bgraputer. Our prototype configuration
supports Latex as the source language for the atdghemlit. Our tools for creating
documents are most fully integrated for users efEmacs editor, although the various
components could be used with some author ovenéhdny string-text editor. The
core element for generating text for formal refeesnin a document is a process for
converting abstract mathematical structures inépesitory to Latex code; we call it the
Dynamic Math Formatter (DMF).

Commands embedded in author sources can be useféit@o repository objects, and to
parts of the content of such objects, and can tteshow to arrange those contents in the
document when formatting them. For example, onédcspecify a whole definition, the
left hand side of a definition, a whole theorentestgent, or a component of a complex
statement.

Here we present examples of some of those comnaarttithe formulas automatically
aid out by them. These are from the document otlwhgure 1, on page 3, is an excerpt.

The command \DMFtyping{eval_factorization_wfHf} gtulates that the typing assumed
for variable in the named theorem should be
formatted thus:



Use of \DMFob[Def]{prime_factorization_of} in theutghor source indicates that the
content of the object named prime factorizatiostofuld be laid out as

and juxtaposed to a link (in pdf ) labeled “Deb’the object itself.
Similarly, \DMFobl[eval_factorization]{eval_factomion} is replaced by formatting
code for the contents of the named object (alonly aviink so labeled) that lays out as:

The author can insert the left hand side of this definition into the document
with the command \DMFlhs{eval_factorization}.

It is even possible for the author to assemble eguwessions from elements of other
DMF commands to describe a new expression. For pbeam

\DMFitermul{i{\DMFvar{e{\DMFvar{i}}}{\DMFvar{a}}{ \DMFvar{b}}

is formatted to produce

even though this expression does not already aa@atly in the repository (it will once
this document is added). This expression is deamegfer to the definitions of each
operator occurring in the expression, and is &fiairepresentation of it.

Normally, the DMF command will be considerably slerghan the Latex code inserted
in the intermediate file by preprocessing, andeévpnts transcription errors, and so
provides a useful editing service to the authot.tBa more profound aspect of this
functionality is that it is possible for readersagcertain that such transcriptions from
referenced texts were performed automatically,regither error nor deception by the
author has occurred at these points in the docurWaniations of the document can be
automatically generated by the publication sermaking very plain where these
certified transcriptions have occurred.

The DMF renders pure structured data of the FDpragable text; it is principally
applied to mathematical expressions, but is agtumatire general than that, and is also
used for formatting program text and sometimeofdinary English text. The DMF is
designed to be used in an environment where albigtettictured objects are stored
independently of how they are to be rendered feretye. One then supplies a collection
of display forms which specify how various formsstrfuctured data are to be displayed.
The DMF then applies these display forms to théraby structured data to produce
characters or symbols or instructions in anothedeeing format such as Latex or html.
This is analogous to converting a pure content mh#éxpression to presentation
mathml.



Given our design choices for the repository, Weld, AMF, here is the scenario we
implemented. The author writes a Latex documemtguan Emacs text editor that has
been enhanced to access a repository, the FDLaiher edits in tandem with a Web
browser which is used to view the repository cotgers well as the output document, in
pdf, as it is developed. In the Latex source texd prepared, at those places where the
author wants the pdf text to formally referenceathmmatical object, the author can
insert a link to the object and, if desired, furthlications as to how the referencing text
is to be generated from the referenced data. An@f$ desired, the author may have a
fresh copy of the pdf output text generated fong. The pdf output text will contain
the automatically generated text for formally refegzed objects and links to the Web
addresses representing the formally referencecatisbje

Related Work

As stated much work is being done to infer autlgdriom online documents after they
are produced, whether based on citation, usag#her metrics. Our formal reference
mechanism is new in that it allows for a strictiontof correctness at the time of creation
of mathematics articles. The importance of tolodt facilitate expression of and access
to mathematics is witnessed by several signifieaocbmplishments in the mathematical
editing and publishing domains. Mathml has gaineputarity as a medium for
disseminating mathematical content and presentaticthe Web. Authoring mathml
documents typically involves three steps: (1) adtigoof the article without math
content using a familiar tool, (2) writing mathniljects using separate Mathml equation
editors, and (3) integrating or embedding the méatbisjects into specific locations of the
original article. Mathml editing capabilities exiatDesign Science’s MathType editor
andIntegre’s mathml equation editd/Ve have experimented with Integre’s software,
and hope it can provide an additional outlet farwark in the future. Because we were
targeting a very widespread, browser independdutiso that has at the same time an
allowance for semantic anchoring, we did not findrent off-the-shelf WYSIWYG tools
best suited. Hindrances included limited accesbdanathematical source objects with
generic tools after the embedding.

In the domain of formal mathemati€@MDoc, for Open Mathematical Documents
(Kohlhase, 2000) specifies a format specificallyftomal mathematics, or mathematical
proof. OMDoc extends xml to provide structured eotmarkup for formal
mathematical objects, including allowance for infiat text. While OMDoc may provide
an additional representation format for users aftoals in the future, we wished to work
in language already familiar to many mathematicems scientific researchers. It should
be noted that use of the Latex format does notirediiat authors use standard text
editors;TeXmacs for example, is a WYSIWYG editor based upon TeX.

Conclusion

Several methods for inferring quality of onlineanhation exist today. We have
presented one new element of ensuring correctnessthematical texts at the time of
document preparation. The semantically anchoretd that we produce contain
formally-grounded explanations; by this we meamgplanation that ultimately can be
reduced to a readable machine checked proof imaaldogic. They serve as



exceptionally thorough models of fundamental elemeheducation, namely,
explanation and evidence. Whether we are talkirmygdn English essay, a chemistry
experiment, a legal argument or a mathematical detration, students are taught to
answer the question “How do you know?” They arglato give evidence and to say
what statements follow from others. This abilitypt@vide evidence and evaluate
arguments is critical to a liberal arts educatioam engineering one.

Authors may also want to deposit documents intd-ibe repository itself in order for
such documents to be automatically subject to onggm@pository services such as cross
referencing and production of new “editions” exfilgy improvements in notation and
automatic metadata generation. To do so, authdra@ad write-permission to the FDL,
but the functionality needed for writing documetdgshe FDL is fairly narrow since it
doesn’t have to support the creation of formal reatatics generally such as proof
development, so simple protocols for authors sheuftice.

Furthermore, as we described, our prototype tagipart Latex in order to serve authors
who want versions of their documents suitable fandard mathematical journal
publication. But we believe there are more prospectuthors who do not use Latex and
are more interested in writing Web documents foeotudiences, such as teachers
preparing documents for a class or speakers preppéages for presentation at seminars.
Making document source formats and tools that sagpml| and produce mathml instead
of Latex/pdf would be valuable in these cases.tHeumore, the methodology we have
developed for the FDL would be immediately usefut® adapted to any of the large
collections of formalized mathematics developednbgrnationally established groups of
specialists (Kaufman & Moore, 1997; Cornes et.1895; Paulson, 1994; Gordan &
Melham, 1993; Harrison, 1996; Allen et. al. 200bdRicki, 1992; Hickey et. al., 2003;
Benzmuller et. al., 1997, Sorge, 2001; Shankaglel999; Schurmann, et. al., n.d.;
Wolfram, 1988; Geddes, Czapor, & Labahn, 1992)egasingly being made available
through the Web.
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